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Abstract. We proved the existence of an infinite dimensional stochas- 
tic system driven by white a-stable noises (1 < a < 2), and prove 
this system is strongly mixing. Our method is by perturbing Ornstein- 
Uhlenbeck a-stable processes. 
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1. Introduction 

We shall study an infinite dimensional spin system with linear and bounded 
interactions, driven by (white) a-stable noises. More precisely, our system 
is described by the following SDEs: for every i 6 Z d , 



(1.1) 



dXi{t) = Ej- eZ d aijXjit) + Ui(x(t))]dt + dZi(t) 

Xi(0) = x f 



where X u Xi G R, {Z^i e Z d } are a sequence of i.i.d. standard symmetric 
a-stable process with 1 < a < 2, and the assumptions for the a and U are 
specified in Assumption 1.2. 

When Z(t) is Wiener noise, the equation (1.1) has been intensively studied 
to model some phenomena in physics such as quantum spin systems since 
the 90s of last century ([1], [2], [6], [8], [3], [9], [10], [11], •••)• The other 
motivation to study (1.1) is from the work by Zegarlinski on interacting 
unbounded spin systems driven by Wiener noise ([15]). In that paper, the 
author proved the following uniform ergodicity \\P t f — /i(/)||oo < C(/)e _mi , 
where P% is the semigroup generated by a reversible generator and fi is the 
ergodic measure of Pt- This type of ergodicity is very strong, and obtained 
by a logarithmic Sobolev inequality (LSI). Unfortunately, the LSI is not 
available in our set-up, however, we can find a gradient decay estimates, 
which is crucial in the proof of ergodic theorem. We should point out that 
our ergodicity result is strongly mixing type, which is much weaker than the 
uniform one. 

The approach of this paper is via perturbing the Ornstein-Uhlenbeck a- 
stable process, this needs one to know some exact formula of this process. 
Comparing with the above perturbation approach, the main tools in [14] 
are some iterations under the framework of probability, one only uses the 
a-stable property and the moments of the stable processes. Hence, we can 
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think that [1 l] is some qualitative analysis, while this paper is some quanti- 
tative one. 

The organization of the paper is as follows. The introduction includes 
notations, main results and some preliminary about Ornstein-Uhlenbeck 
a-stable processes, the second and third sections prove the existence and 
ergodicity results respectively. The short appendix gives a simple but inter- 
esting derivation of (1.5). 

1.1. Notations, Assumptions and Main Results. We shall study the 
system (1.1) on B C R z , which is defined by 

18 = U B R,o 

R>0,p>0 

where for any R, p > 

d 

Br, p = {x = (xi) ieZd ; \xi\ < R(\i\ p + 1)} with \i\ = } y \i k \. 

k=i 

We shall see that given any initial data x = (xj) igZ d £ B, the dynamics X(t) 
defined in (1.1) evolves in B almost surely. 

Remark 1.1. One can also check that the distributions of the standard white 
a-stable processes (Zi(t)) ieZ d (0 < a < 2) at any fixed time t are supported 
on B. From the form of the equation (1.1), one can expect that the dis- 
tributions of the system at any fixed time t is similar to those of a-stable 
processes but with some (complicated) shifts. Hence, it is natural to study 
(1.1) on B. 

Let us first list some notations which will be frequently used in the paper 
and then give the detailed assumption on a and U. 

• Define \i - j\ = Si< fc < d |ifc - jk\ for any i,j £ Z d , define |A| = )JA 
for any finite sublattice A CC *Z, d . 

• For the national simplicity, we shall write di := d Xi , dij := 0^ iX an d 
df := d^,. It is easy to see that [df,dj\ = for all i,j G Z d . 

• For any finite sublattice A CC Z d , let C{,(1R A , R) be the bounded con- 
tinuous function space from M A to R, denote V = UAccz d Cfe(^ A ) ^) 
and 

= {/ £ f has bounded 0, • • • , kth order derivatives}. 

• For any / £ T>, denote A(/) the localization set of /, i.e. A(/) is the 
smallest set AcZ d such that / £ C b (M A ,M). 

. For any / £ C 6 (B,M), define ||/|| = su PxeB \f(x)\. For any / £ V\ 

define |V/(x)| 2 = E ie ^l^/(x)| 2 . 
. For any / £ V\ define |V/(x)| 2 = ^ ieZ - W{x)\ 2 . 

• 1 1-| | is the uniform norm, i.e. for any / £ Cb(B, M), 1 1/| | = sup xgB \f(x). 
The seminorms ||| • |||i and ||| • |||2 are respectively defined by 

lll/llli = £11^/11 f^v\ 

i&z d 
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and 

lll/ll| 2 = £ ||%/|| fev 2 . 

• BbiHjU) is the function space including the bounded measurable 
functions from some topological space H to M, 

Assumption 1.2 (Assumptions of a and U). The a and U in (1.1) satisfies 
the following conditions: 

(1) (Linear interactions) > for all i ^ j, an = —1 for all i G Z d . 

(2) (Bounded interactions) Ui G V 2 for all i S Z> d , sup \ \Ui\\ < oo. 

(3) (Finite range property) There exists some K G N such that, for all 
i,j 6 Z d u>ii/i |i — j\ > K, one has aij = and djUi(x) = for all 
x£M. 

(4) 7] < oo u>ii/i 7/ := sup + \ \ \Uj\ \ \\ \, and sup 1 1 1 C/j 1 1 1 2 < 

jez d \iez d ,i^j J jez d 

00. 



The main results of this paper are the following two theorems 

Theorem 1.3. There exists a Markov semigroup Pt on the space Bb(M,R) 
generated by the system (1.1). 

Theorem 1.4. We have some constant c > such that as rj < c, there 
exists a probability measure \x supported on B so that for all x £M, 

lim Pf5 x = /x weakly. 

i— >oo 

Remark 1.5. The convergence in Theorem 1.4 implies that Pt is strongly 
mixing (see [6]). 

1.2. Ornstein-Uhlenbeck a-stable Processes. 

1.2.1. One dimensional Ornstein-Uhlenbeck a-stable process. This process 
is described by the following stochastic differential equation (SDE) 



(1.2) 



dX(t) = -X{t)dt + dZ(t) 
X(0) = x 



where Z(t) is a symmetric a-stable process (0 < a < 2) with infinitesimal 
generator <9" defined by 

jr\{o\ \y\ Jr\{o\ \y\ 

as < a < 2, and by as a = 2 ([ ]). Moreover, if / has Fourier transform 
/, then 

8%f{x) = -4= f |A| a /(A)e^dA. 
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The Kolmogorov backward equation of (1.2) is 

/ 14 % \d t u = d x *u-xd x u, 

\w(0) = /, 

which is solved by 

(1.5) «(*,*) = E x [f(X(t))] = J^p { ^'^ - ie-^yj /(y)d|/, 
where X(t) is the solution to (1.2) and 

(1.6) p(i;x,y) = -1= / -Le'W+^-y^dX. 

One can refer to the Appendix for a formal derivation of (1.5) and (1.6), 
or refer to [13] for the rigorous one. From (1.5), one can easily see that as 
t — > oo 

(1.7) u(t,x) - / p(l/arAy)f(y)dy. 

JR 

Hence, the law of X(f, x) weakly convergence to the measure p(l/a; 0, y)dy, 
which is independent of the initial data x. Hence, X(t, x) is ergodic and 
strongly mixing ([ ]). 

Define S^f(x) := K x [f(Xt)], which is the Ornstein-Uhlenbeck a-stable 
semigroup generated by the operator d x — xd x . 

Lemma 1.6. Let 1 < (3 < a, then 

(1.8) S?[|zfl(0) < COS). 

Proof. Since the symmetric a-stable process (1 < a < 2) has (3 order mo- 
ments with 1 < (3 < a, by (1.5) and (1.6), we have 



S?[\xf}(0)= [ p(^-^;0,y) \yfdy 



1 _ p -atll3/a 

' p(l;0,y)\yfdy<C(P) 

a 



□ 



1.2.2. Infinite dimensional Ornstein-Uhlenbeck a-stable processes. Consider 
the white symmetric a-stable noises (Z,(t)) igZ d, i.e. (Zi(t)) ieZ d are i.i.d. 
symmetric a-stable processes, and define the infinite dimensional Ornstein- 
Uhlenbeck a-stable processes by the following SDEs: for all i 6 Z 6 * 

dXi(t) = -Xi(t)dt + dZi(t). 

Clearly, Xi(t) at each i S Z d is an Ornstein-Uhlenbeck a-stable process, 
which is independent of the processes on the other sites. By (1.7), (Xi(t)) i£Z d 
is ergodic and has a unique invariant measure (p(l/a;0,yi)dyi) i&zd with p 
defined by (1.6). 
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Moreover, it is easy to see that the infinitesimal generator of (Xi(t)) ieZ d 
is given by 

(1.9) C:= Y,{^-Xid i ), 

i£Z d 

which is well defined on 2?°°. Clearly, C generates a Markov semigroup St 
on T>, which is the product of one dimensional Ornstein-Uhlenbeck a-stable 
semigroup, more precisely, for any function / £ D, Stf is defined by 

(1.10) S t f(x)= [ TT p( l ~ e - le-tx^y,) f{y) TT d Vj 



2. Existence of Infinite Dimensional Interacting o-stable 

Systems 

2.1. Galerkin approximation of the interacting systems. Let = 

[-N, N] d be the cube of We approximate the infinite dimensional system 
by 



(2.1) 



dXf{t) = \£ jeTN aij Xf{t) + U t N (X N (t))]dt + dZ^t), 
X t N (0) = x h 



for all i 6 Tjv, where Uf(x N ) = Ui(x N ,0) with x N = (xi)i & r N - Since the 
coefficients in (2.1) are Lipschitz, by [5] (chapter 5), (2.1) has a unique global 
strong solution. Moreover, for any differentiable /, f is also differentiable 
(c.f. chapter 5 of [5]). 

For any / £ T>°° with A(/) CT N , define 

P t N f(x) = E»[f(X N (t))l 
then P^ is a Markov semigroup, moreover, it satisfies 

J d t u(t) = C N u(t) 



(2.2) 



\u(0) = f 



where Cn is the generator of P t defined by 

(2.3) c N = a? + E [ E + ^ N ( x )n 

(2.4) = E ^ " + E [ E W + u i N ( x M- 

ierjv ier N jeT N \i 

From the form (2.4) of Cm, by Du Hamel principle, we have 

(2.5) iff = S t f + jT St- S | E [ E W + ^0*^7 [> ^ 
where St is defined by (1.10). 



ierjv jer N \i 
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2.2. Auxiliary Lemmas. The following relation (2.7) is usually called fi- 
nite speed propagation of interactions ([7]), which roughly means that the 
effects of the initial condition (i.e. / in our case) need a long time to be prop- 
agated (by interactions) far away. The main reason for this phenomenon is 
that the interactions are finite range. 

Lemma 2.1. 

1. For any f £ T>°° , we have 

(2-6) lllPf/llli^e^HI/lll!. 

2. (Finite speed of propagation of the interactions) Given any /EP 1 and 
k ^ A(/), for any A > 0, there exists some B > 1 such that when n k > Bt, 
we have 

(2-7) ll^/ll^e-^-^IH/lll! 

where n k = [£^i£i&AIZ)i] an g K € N is defined in Assumption 1.2. 

Proof. For the notational simplicty, we drop the index N of the quantities 
if no confusions arise. By Markov property of Pt and the easy fact 

^-p t - s d k p s f = p t ^ s [d k ,c N ]p s f 

as 

where [d k ,C N ] = d k C N - C N d k = ^2 ierN [a ik + d k Ui]di, we have 

(2.8) \\d k Ptf\\ < \\&kf\\ + f E (1**1 + WdkUiWmPsfWds. 

To prove (2.6), summing the index k of the above inequality over Z d , by 
Assumption 1.2, we have 

|||PJ|||l<|||/|||l + (l+77) f \\\P s f\\\lds, 

Jo 

which immediately implies (2.6). 

Now let us show (2.7). Denote Ci k = \ \d k Ui\ \ and 5i k Krockner's function, 
we have by iterating (2.8) 

\\d k Ptf\\<J2ri ^ i(c+*+nk\m\\ 

n=0 U ' i G A(/) 

= E^j E [(c+a + ^) n kii^/n+ E ~i E [( c+a + s ) n u\\9if\\ 

n=0 ' i£A(f) n=n k +l ' ieA(f) 

The first term of the last line is zero, since (5 + a + c)i k = for all n < n k 
by the definition of n k . As for the second term, we can easily have 

E ^ E [(c+a+srum^'-e^ 

n=n k +l ieA(f) 

Hence, 

f n k 

(2.9) \\ dk pN f \\< e (^n)t 
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For any A > 0, choosing B > 1 such that 



2 - logB + log(l + v) + < -2A, 

B 



as n > Bt, one has 



+ gT e (l-H7)t < exp{nlog i±ZZ + 2n + (1 + 7?)^} 



l + ? 7 
5 



< exp{-2vln} < exp{-An - At}. 
Replacing n by n k , we conclude the proof. 



□ 



The following lemma roughly means that if the initial data is in a ball 
Br !P , then the dynamics will not go far from this ball in finite time. Note 
that the following P t N f k (x) equals to E x [\X^(t)\]. 

Lemma 2.2. Let f k (y) = \Vk\ with k £ Tn, then for all x G -Bf?,p 

(2.10) P t N fk(x) < C(l + \k\) p e pd{ - 1 ^ t . 

where C = C(p,R,r),d, K) . 

Proof. For the notional simplicity, we shall drop the index N of the quanti- 
ties if no confusions arise. By (2.5), we have 

Ptf k {x) = S t f k (x) + f S t -s[ ( E a ^ + U M) d i p sfk ](x)ds. 
Jo ier N ier N \i 

By (1.10), (1.8), and that of Br iP , one has 

\S t fk(x)\ < S t [\yk ~ e"*x fe | + e~*|arjfc|] 
'l-e~ at 



(2.11) 



P 



a 



,0,yk) \Vk\dyk + e \x k \ 



<c + R(i + \k\y. 

By (2.6) and the easy fact |||/fc|||i = 1, we have 



St- 



E U t (y)diP s f k 



ds 



< 



sup H^ll f \\\P? hW^ds^Ce^K 

i Jo 



Moreover, by the same argument as in (2.11) 
(2.12) 



5, 



t-s 



E E a ijyi d i P sfk 

ier N jer N \i 



(x)ds 



< / E W^ p sfk\\ E ai i St -° 
ierjv jer N \i 



\yj - e ^ °'Xj\ + e 



-(*-») 



(x)ds 



^ C I E E oiiiiWfcii*»+ / E E o^H^pf/fciii^ids. 



i& N jsr N \ 
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For the first term in the last line, by Assumption 1.2 (in particular, a%j < 1+rj 
and aij = if \i — j\ > K) and (2.6), one can easily have 

(2.13) Yl E *MP'fk\\<K d (l + v)\\\P.fh\\\i<K d (l + v)e^ B 

As for the second term, let us first estimate the double summations therein 
'X^igrv YljeV N \i ' ' ' '> the idea * s t° split the first sum 'X^r^' ^ wo 
pieces 'YA^i-k\>Ba> 'Ei:|i-fc|<B S ' and control them by (2.7) and (2.6). More 
precisely, for any A > 0, let B > 1 be chosen as in Lemma 2.1, by Assump- 
tion 1.2 (in particular, ay = for > K), and the fact \xj\ < R(l + \j\) p , 
the piece 'X/i:[i-fe|>Bs' can ^ e estimated by 



^2 J | %j 



< J2 e-W-WK-^R (l + \i\ + K 



< C(K, d, p, R, rj) Y e - A l i - fc l/ K - As [(l + \k\) p + |jfe - »|'] 

< (7(^^^,^,77,^(1 + 1^. 

As for the other piece, by Assumption 1.2 again, we have 

J2 \\diP s fk\\ J2 a *iN ^ E 11^/^11^(1 + ^(1 + 1^1 + ^) 

i:|j-fc|<_Bs j'elVV i:|j-fc|<_Bs 

< |||P s / fc ||| 1 ^ d (l + 7 ? ) J R(l + |A;| + ( J B S )' i + J FC dV " 

< C(i?, if, d, r/, S, p)^e (1+??)s (l + |jfe|)'» 

Combining the above two inequalities, one immediately has 
Hence, plugging the above estimates and (2.13) into (2.12), we have 



S t - 



E E a ijyj d i P sfk 

ier N jer N \i 



(x)ds 



< C(d,v,R,P,^e^ 1+1 i>{l+\k\y 



□ 



2.3. Proof of Theorem 1.3. 

Proof. We shall firstly prove that lim P^ f(x) exists for any / G t > 

and x G B. It suffices to show that {P t N /(x)}n is a Cauchy sequence point- 
wisely in one -Br, p . 
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Take x G -Br jP , for any D Tjv D A(/) with M > iV, we have 



\P t M f{x)-P t N f(x)\< 
ft 



d 



(2.14) 



< 



< 



(h P?l s [P s N f] (x)ds 
pM s [(£ M -£ N )P?f) (x)ds 

f p t-s\ E ( E <h»w + ufivmpFf ](x)& 



+ 



ierAf\rjv jer A/ 

i€F N 



By (2.10), (3) of Assumption 1.2 and (2.7), 

E E a^Hia.pf/iiK*) 

ier A1 -\rjv jer M \% 

< E 11*^/11 E *ij p t- s [\yMx) 

(2.15) ier M \rjv jer M 

<C(t-s,R,d, P ,r,) E ^(1 + ^(1 + 1^1+^)11^/11 

iGr M \r JV 

-►0 (M,iV ->oo). 
Similarly, by (2.7) again, as M,N — > oo, 

E |fi-J^(2/)^Pf/](x)| <sup||C/ t || ^ H^pjV/H^o. 

ier M \riv ' ier A/ \riv 

By (3) of Assumption 1.2, the definition of Uf and (2.7), the term '| • • • |' 
in the last line of (2.14) can be bounded by 



(2.16) 



Pt M s [ E (U l M (y)-U % N (y))d i P s N f](x)ds 



< 2 sup \ \Ui 



E \\ d i p ?f\\ ds 

ied K (r N ) 



-► (JV -> oo) 

where 8k(^n) = {i £ TN;dist(i,dFN) < K} and 8Tn is the boundary of 

r N . 

Injecting all the above inequalities into (2.14), we conclude that {P^ f(x)}N 
is a Cauchy sequence for any t > 0, x £ B p ji and / £ 

For any / S P°° and denote 



(2.17) 



P t f(x) := Jim P?f(x). 

N— >oo 
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Since V°° is dense in Sb(B,R) (under the product topology), we can ex- 
tend the domain of Pt from T>°° to Z3b(B,M). Thanks to (2.6) and sim- 
ilar arguments as above, one can pass to the limit on the both sides of 
P£[+t 2 f( x ) = Ph_Pttf( x ) an d obtain the semigroup property of Pt, i.e. 
Pti+t 2 f( x ) = Pt 1 Pt 2 fi x )- It is eas Y to see that P t (l)(x) = 1 for all x G B 
and Ptf{x) > 0. Hence Pt is a Markov semigroup on ^(B,M). □ 



3. Ergodic Theorem 1.4 

3.1. Auxiliary Lemmas. To prove the ergodicity result, we need the fol- 
lowing three auxiliary lemmas. 

Let St be the product semigroup defined in (1.10), for any / 6 V°°, by 
replacing Ao in (3.1) by A(/), one can easily have 

|5 t2 /(0)- 5 tl /(0)| 



< |A(/)| 



P 



-Ctt2 



a 



Ay 



p 



-ail 



a 



-Ay 



dy 



(ti,t 2 — > oo). 



However, the above convergence speed depends on |A(/)|, the size of /. This 
type of convergence is not enough to control some limit in the interacting 
system. Alternatively, we shall use the information of / G V 1 , i.e. |||/|||i < 
oo, and prove the convergence speed asymptotically depends on A(/), this 
will make some room to uniformly control the second term on the r.h.s. of 
(3.18). More precisely, we have 

Lemma 3.1. Let St be the product semigroup generated by (1.9). Given 
any f £ T>°° and Aq C A(/), for any t2,t\ > 0, we have 



\StJ(0)-S tl f(0)\ < |A 

+ c 



\p 



1 



-ati 



a 



,0,y 



P 



-ati 



a 



-,0,y ) \dy 



E 

ieA(/)\A 



where C > is some constant only depending on the parameter a. 

Proof. We can easily have 
(3.1) 

\S t J(0)-S tl f(0)\ 



< 



I 

Jw 



+ 



ieAo 

n p 



-at 2 



a 



0,y, 



Up 

ieAo 



-at\ 



a 



-,0,y, 



f(y Ao ,0)dy 



-ati 



O 



Avi )\f(y)-f(y Ao ,o)\dy 



+ 



n " 

ie\(f) 
Io + h + h 



-at 2 



O 



Am) \f(y)-f(y Ao ,o)\d y 
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It is easy to see 
h < |A | • 



P 



1 - e~ at2 



a 



0,y) -p 



1 - e~ atl 



a 



Ay 



dy. 



I\ and I2 can be bounded in the same way as the following: By (1 

1 - e~ atl 



h< £ \\dif\\ 

ieA(/)\A 



P 



a 



,0,Vi)\Vi\dyi<C Yl WW- 

i6A(/)\Ao 



□ 



The next lemma claims that if 77 is sufficiently small, then the gradient of 
Pf f uniformly decays in an exponential speed. 

Lemma 3.2. There exists some c > such that if rj < c, then, for any 
m E N, we have 

(3.2) \yp t N f\ 2m < e - 2m0t P t N \Vf\ 2m V/GP°° 

where (3 = f3(a, U) > 0. In particular, 

(3-3) II^Pf/ll^e-^IH/lll!. 

Proof. For the notational simplicity, we drop the index of the quantities if 
no confusions arise. For any / E D°° and any m E N, we have the following 
calculation 
d_ 
ds 



P s \VP t ^ s f\ 2m = P s [£ N \VP t „ s f\ 2m - 2m|VP 4 _ s /| 2 ( m - 1 )ViW • C N VP t - a f] 



+ 2mP s (\VP t ^ m -^VP t ^ s f ■ [C N ,V]Pt-sf) 
> 2mP s (\VP t ^ m -^VP t ^f- [£ N ,V]P t -sf), 
since we have P t F 2m > (P t F) 2m and therefore lim PtF 2m —F 2m > u M 
i.e. C N F 2m - 2mF 2{ - m ~^FC N F > 0. 

Hence, 

±P s \VP t - s f\ 2m 



2m 77t2m 



> -2mR ^ 



+ 2mP s < 



IVP^/I 2 ^- 1 ) ^ £ (a^ + ^C/O^P^/)^-^/) 



\vp t - s f\ 2( - m -v ^(l-diUMPt-sfl' 

ier N 

Define the quadratic form 

^erjvjerjvV ier^ 

for any £ E M riV . As r/ in (4) of Assumption 1.2 is small enough, it is strictly 
positive definite, that is, we have some constant c, (3 > such that as 77 < c, 

Q(t,o>m\ 2 - 
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Therefore, 



±P s \VP t ^f\ 2m > 2mPP s (|VP_ s /| 2m ) 



from which we immediately obtain (3.2). (3.3) is an immediate corollary of 
(3.2). □ 

The last lemma can be taken as the second order finite speed propagation 
of interactions, which is also due to the finite range interactions. 

Lemma 3.3. There exists some constant C = C(a,U) > so that 

(3-4) 111^/1112 <e ct (|||/||| 1 + |||/||| 2 ). 

Moreover, there exists some constant B = B(a, U) > 1 so that as 

dist(j,A(f)),dist(j,A(f)) >Bt, 

we have 

(3.5) ll»i*^ r /ll<MIH/llli + III/HW- 

where {hj k }j >k £Z d * s a constant sequence only depending on a and U , and 

hjk > 0, hjk < do. 

j,kez d 

Proof. Furthermore, by differentiating P/l s d k jP^ f (on s), we have 
(3.6) 

\\d kj P t N f\\<\\d kj f\\+ [ \\[d kj ,C N }P s N f\\ds 

Jo 

< \\d kj f\\ + T E [Cl«**l + \\W\WjiP?f\\ + (M + \\dM)\\9 k iP s N f\\]ds 



f V \\djkUi\w\diP? f\\ds 



By some iteration similar to that for (2.9), we have some convergent se- 
quence {hj k } jikeZ d only depending on a and U so that \\9 k jP^ f\\ j)keZd < 
h jk(\\\f\\\i + Ill/lib) (The hjk here plays a similar role as that of e - At ~ An k 
in (2.7)). Moreover, Summering i,k over Z rf in (3.6), we immediately have 
(3.4). □ 

3.2. Proof of Theorem. The proof of Theorem is lengthy, we first prove 
the following Proposition 3.4, which is the crucial step. 

Proposition 3.4. For any f G V°°, the limit limj^oo Pf/(0) exists. 

Proof. To prove the proposition, it suffices to show that for arbitrary e > 0, 
there exists some constant T > such that as t% > t\ > T 

(3.7) |P t2 /(0)-P tl /(0)| <4e. 

Let us show this inequality in the following three steps: 
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Step 1: Proof of (3.7). For any t% > t\ > 0, by triangle inequality, we have 

\p t j(o) - Ptjm < \p t j(o) - p t N j(o)\ 

+ |</(0) - </(0)| + \P tl f(0) - </(0)|. 
By (2.17), there exists some N = N (ti,t 2 ) G N such that as N > N 

(3.8) 1^/(0) -</(0)| + |P tl /(0)-</(0)| <e. 

Hence, to conclude the proof, we only need to show that, there exists some 
constant T > 0, which is independent of N, such that as t2,t± > T 

(3.9) K/(0)-P t f/(0)|<3e. 



By (2.5), the l.h.s. of (3.9) can be split into the following two pieces: 
K/(0) - i^/(0)| < |5 t2 /(0) - S t J(0)\ 

rt 2 



(3.10) 



+ I / S t2 - S 



E( E a ijXj + U itN )diP s N f 



(0)ds 



E( E a ijXj + U i>N )diP s N f 



(0)ds\. 



By the fact / G V°° and (1.10), we have some constant T = T (| A(/)| , 1 1/| |) > 
such that as ti, ti > Tq 



(3.11) 



\StJ(0)-S t J(0)\ <e. 



From the above inequality, to conclude the proof of (3.9), it suffices to 
bound the second term '| • • • |' on the r.h.s. of (3.10) by 2e. To this end, we 
split it into three pieces as the following 



■h 



rt2 
JL 



St2—S 



E ( E '••r'-j + U?)QiP?f 
ier N jeV N \i 

E ( E « + ^ p s N f 

ier N jer N \i 



(0)ds 
(0)ds 



(St 2 - S - S tl - S ) 



E ( E ">r<-j + i i x uhp,\r 

ier N jer N \i 



(0)ds 



where < L < t\ is some large number to be determined later, and show 
that there exists some constant T > 0, which is independent of N and larger 
than L, such that as t\,t2 > T 



(3.12) 



\Ji\ + \h\ + \M <2e. 



Step 2: Proof of (3.12). As for \ J±\, choose some m S N with 2m/ {2m— 1) < 
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a, by Hoder's inequality, (1.8), (3) of Assumption 1.2 and (3.2), 



S-, 



t2—S 



E E a ij x A P s N f 

i&^N jer N \i 



(0)ds 



< 



I* E E a«{^-.[kil a ^](0)} a ^ i {5i a -.[|^/| am ](0)}^ifa 
j\s t ^ s [\VP s N f\ 2m ](0)}^ds 



<C{m)i]K d 

<C(m, rj, K, 
By a similar arguments, we have 



rt2 


E ^*^/ 




Jl St2 ~ S 


(0)ds 




_ierjv 





< 



supii^h r{5 t2 _ s [ivpf/i 2 ](o)} i/2 d S 



<C|||/III (e 

Hence, 

|Jx| <C(m,r7,ir,d)|||/||| (e 
By the same method as for Ji, one has 

\J2\<C(m, V ,K,d)\\\f\\\ (e 



-PL _ e -/3t 2 N 



LP _ e -t 2 P) 



Therefore, there exists some constant L > 0, which is independent of N, 
such that as £i,t2 — L, 



(3.13) 



l^il + < e 



To bound IJ3I, choose some cube A C which is centered at 0, such 
that A(/) C A C Tjv and split \Js\ into three pieces: 



\Js\< 



S, 



t2- 



+ 



t2—S 



£ ( £ a ijXj + Un^f 
ier N \A jer N \i 

E ( E w + uFWPff 

ier N \A jer N \i 



(0)da 
(0)ds 



+ 



/ (5t 2 _ s — St-L-s) 

Jo 

h+h + h- 



E( E W + 'Vi'V^/ 



(0)ds 



where /1, J2 and ^3 denotes the three terms on the r.h.s. of the above in- 
equality in order. 

By Lemma 2.1 and (1.8), for any A > 0, choose B > 1 as in Lemma 
2.1, as A is sufficiently large, which is chosen independent of N, so that 
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dist(A c , A(/)) > BL and the following 'X^gz d \A e * s sufficiently small, 
by (3) of Assumption 1.2 and (1.8), we have 



S, 



t2 — S 



(0) 



(3.14) 



E E aijXjdiP^f 
ier N \Ajer N \i 

< E e- niA - As W\f\\\i E o^-MCO) 

< (7^(1+7?) E ^|||/|||l<^ 

iGrjv\A 



where rij = [cfzsi(i, A(f))/K]. Similarly, choose some sufficiently large A 
independent of iV, one has 



t2—S 



E ufwivrf 

ier N \A 



(0) 



< 



8L" 



Therefore, 2i < w, one has ^2 < by the same method. 

Hence, as A is sufficiently large, which is independent of N, one has 



(3.15) 



h + h< — • 
2L 



In the following Step 3, we shall prove that there exists some constant T > L, 
which is independent of N but depends on |A|,L, so that as t\,t2 > T 



(3.16) 



thus | J3I <£. Combining this with (3.13), we conclude the proof of (3.12). 

Step 3: Proof of (3.16). Let us first consider the linear part of I3, it can be 
split into two pieces: 



(5- t2 _ s -5 tl _ s )[E E a^if/KO) 

i£AjEV N \i 



(3.17) 



< 



(5 i2 _ s -5 tl _ s )[E E a ljXj d t P s N f](0) 
ieAjer N \2A 



+ s.s'/, , s h ,i;E E wA^fM 

iGA jG2A\j 

where 2A is the cube centered at 0, whose edge length is two times as that 
of A. By (3) of Assumption 1.2, if A is large enough, the first term on the 
r.h.s. of (3.17) are zero since a%j = for all i,j therein. 



As for the last term on the r.h.s. of (3.17), we need some delicate anal- 
ysis as the following: Take some large number H > (to be determined 
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later) and split the term into two pieces, and control them by some uniform 
integrability and Lemma 3.1, more precisely, we have 



i&A j£2A\i 



(3.18) 



< 



+ 



t-2 — S 



4 d A A rr. 1 A \ A ^ ' 



ieA j£2A\i 

where x '■ [0) °°) ~^ [0, oo) is some smooth function such that x( x ) = 1 as 
< x < 1 and x( x ) = as x > 2. By (1.8) with 1 < /3 < a therein, the 
fact ciij < 1 + ry and (2.6), (note that s < L), the first term on the r.h.s. of 
(3.18) can be bounded by 



A/ 



2 d |A|(l + r?)|||P ; 
<2 d |A|(l + 7 ? )e L(1+, ' ) 



M ( 1 



1 (St 2 -s + S^-s) 



M ( 1 



< 



12L 



as H > Hq if i^o = Ho(d, \ A\,L, rj) > is sufficiently large. 

As for the second term of (3.18), by (2.6), the fact s < L and Lemma 3.1, 
one can choose some cube A D 2 A (to be determined later), so that 



(S t2 „ s -S tl „ s )[J2 E *i^xC-^)diP s N f ](0) 

«eA j£2A\i 

( \ — e - Q (*2-s) 



<C(ff,L,7/,|A|,|A|,d)|||/||h 



\ / 1 — e _a (* 1_s ) \ 
,0,y -p ,0,y 



o 



Therefore, by Lemma 3.3 and the fact s < L, choose some sufficiently large 
A (independent of N), the second term on the r.h.s. of the above inequality 
can be uniformly bounded by ^f^. Moreover, since s < L, there exists some 
constant T = T(H,L,rj, |A|, |A|,d) > so that as t\,t2 > T the first term is 
also bounded by 

Combining the above estimates with (3.17), we have some constant T > 0, 
which is independent of N, so that 



(3.19) 



ieAjer N \i 



< 



4L 
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(3.20) 



(5 t2 _ s -5 tl _ s )[E E d^d^fM 



< 



41/ 



Combining the above two inequalities, we immediately conclude this step. 

□ 

Proof of Theorem 1.4. Denote 1(f) = lim^oo P t f(0), which is the limit 
in Proposition 3.4. We shall split the proof of the theorem into the following 
two steps. 

Step 1: lim^oo P t f(x) = £(f) V x £ B. It suffices to show that the limit is 
true on one ball B^ p . By triangle inequality, 

\Ptf(x) - £(f)\ < \P t f(x) - P t N f(x)\ + \P t N f(x) - P t N f(0)\ 
+ \P t N f(0)-P t f(0)\ + \P t f(0)-£(f)\ 



(3.21) 



For arbitrary e > 0, by Proposition 3.4, there exists some To > such that, 
as t > To, 

(3.22) \P t f(Q)-£(f)\<e. 

By Theorem 1.3, there exists some N(t) £ N such that as N > N(t) 

(3.23) \P t f(x) - P t N f{x)\ < e, |Ff/(0) - P t /(0)| < e. 

We remain to show that there exists some constant T\ > 0, which is inde- 
pendent of N, so that as t > Ti, 

(3.24) \P t N f(x)-P t N f(0)\<8. 



By fundamental calculus, one has 
\P t N f(x)-P t N f(0)\ = 



dX 



Prf(Xx)dX 



< f E i^/mii^i^< E j 

Jo ier N i<=r N 



For any constant A > 0, choose B > 1 as in Lemma 2.1, and also a cube 
A(/) C A C T N such that dist(T N \ A, A(/)) = [BtK] + 1 (up to some 0(1) 
correction), therefore, by (3.3) and (2.7), 



E ii^ 



N 



\xi\ < sup \Xi\ 



-8t 



-Am— At 



l-R(1 + |»| 



< e 



■ier N \A 



ii2(|A(/)| + BKt + \y +d + C(A, R)e 



At 



where n« is defined in Lemma 2.1, since J2ier N \A e Aril R(^ + < 00 
uniformly on N, thus there exists some constant T\ = T\ (A, K, R, p, A, /) 
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so that as t > T±, 

£ \\diP t N f\\\xi\<e. 

Take T = max{To,Ti}, as t > T, we immediately have 

\P t f{x)-l{f)\<Ae. 

Step 2: Pt is strongly mixing. Prom the definition of 1(f), it is clear that 
£(■) is a linear functional on D°°. Since B is locally compact, by Riesz 
representation theorem for linear functional (see a nice introduction in [12]), 
there exists some unsigned Randon measure \i on B. From the easy fact 
Pi(l) = 1, we have //(B) = 1, thus fj, is a probability measure. On the other 
hand, by the Riesz representation theorem again, for each fixed t, Ptf(x) also 
admits a probability measure P^Sx- By Step 1 and the fact that T>°° is dense 
in S&(B,1R) (under product topology), we immediately have P*5 X — > /x in 
weak sense, which also implies that the semigroup Pt is strongly mixing. □ 



4. Appendix: Formal derivation of (1.5) 

Suppose that the Fourier transforms for the solution u(t) and / exist, 
then the Fourier transform of the equation (1.4) is 



(4.1) 



dtu = — \X\ a u + u + \d\u 
u(0) = f 



where ' " ' denotes the Fourier transform of functions. Suppose A > 0, set 
v = In A, v = e~ l u(e u ), g(v) = f(e u ), we have 



(4.2) 



dtv = —e av v + d v v 

"(0) =g(y) 



Suppose g is positive, set w = Inv, the equation for w is 
(4.3) 



dtw = —e av + d u w 
v(0) = lng(v) 



It is easy to solve the above equation by w(t) = lng(v + 1) — e au e - 1 , thus 

w(t) = g(u + t) exp{-e au e0t - - } 

a 



and 



u(t) = g(y + t) exp{t - e av - } = fie 1 A) exp{t - |A| a ^ }. 

a a 
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Hence, by Parseval's Theorem, we have 

1 f p at — 1 

u(t) = -= / /(e*A) exp{t - \X\ a V Xx dX 

V27T J a 

R 

/I 1 — e~ at 
f(X)—= exp{-|A| a + i\e- t x}d\ 
V27T a 

R 

= J P — ^ ; e"'x, y^j f(y)dy 
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